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Abstract
We use an auxiliary field construction to discuss the hard thermal loop effective
action associated with massless thermal SU(N) QCD interacting with a weak grav-
itational field. It is demonstrated that the previous attempt to derive this effective
action has only been partially successful and that it is presently only known to first
order in the graviton coupling constant. This is still sufficient to enable a calculation
of a symmetric traceless quark gluon plasma energy momentum tensor. Finally, we
comment on the conserved currents and charges of the derived energy momentum
tensor.
1 Introduction
There has been much discussion on various ways of deriving the energy momentum tensor
of the high temperature deconfined massless quark gluon plasma (QGP), which is non-
standard due to the non-local nature of the perturbative resummation required to describe
the plasma even at the lowest orders of g, the QCD coupling constant [1]. Weldon [2]
describes the non-local dynamics of the QGP using a lagrangian with a local dependence
on auxiliary fields (rather than a non local dependence on physical fields). He then
proceeds to derive the QGP energy momentum tensor by calculating the canonical energy
momentum tensor of this lagrangian (which however is neither symmetric nor traceless
despite the fact that the (classical) field theory of the massless QGP is scale invariant).
Blaizot and Iancu [3] deduce three forms of the QGP energy momentum tensor for a
pure gluon plasma by integrating the divergence condition ∂νT
µν = jµ (where jµ is a
current due to an external source). This approach however does not display the link
between symmetries of the theory and the conserved quantities constructed from the
energy momentum tensor.
Brandt, Frenkel and Taylor [6] discuss the interaction of the QGP with a weak gravi-
tational field and introduce the two effective actions ΓHTL[A, g] and ΓHTL(quark)[A, e], the
former for gluon graviton interactions and the latter for the interaction of quarks with
gluons and vierbien fields (where A, g, e are (classical) gluon, metric, and vierbien fields).
They define the QGP energy momentum tensor to be the sum of the two expressions
THTLαβ ≡ 2limg→η
(δΓHTL[A, g]
δgαβ
)
T
HTL(quark)
αβ ≡ lime→η
(
eaα
δΓHTL(quark)[A, e]
δeaβ
)
which are the definitions of THTLαβ and T
HTL(quark)
αβ adopted in this paper. Note that the
above definition of THTLαβ is equivalent to twice the leading temperature contribution of
the sum over n of thermal Feynman graphs consisting of a graviton current insertion
T
{T=0}
αβ and n gluon current insertions. (T
{T=0}
αβ is the usual gluon contribution to the zero
temperature QCD energy momentum tensor. It is also the zero temperature coupling to
the graviton field, ϕαβ, which is related to the metric by gαβ = ηαβ + κϕαβ where κ is the
graviton coupling constant). A similar interpretation can be given for the quark tensor.
The properties of the energy momentum tensor such as divergencelessness (unlike
Blaizot and Iancu we do not have external sources), tracelessness and symmetry (on use
of the equations of motion if need be) are directly linked to the symmetries of the hard
thermal loop theory. These properties can be deduced either from the invariances of the
above effective actions or, equivalently, from the properties of hard thermal loop diagrams
with graviton insertions.
In this paper the two effective actions above are written, to first order in the graviton
coupling constant κ ≪ 1, in terms of local actions with auxiliary fields. This greatly
simplifies the calculation of THTLαβ and T
HTL(quark)
αβ . We note that a traceless and symmetric
energy momentum tensor including a contribution due to the presence of quarks has not
previously been written to all orders in g in the literature. Furthermore, the auxiliary field
construction explicity shows that the gluon hard thermal loop effective action (with no
gravitons), together with the symmetry properties of the gluon graviton effective actions
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given in [6] (and by conditions (A) → (D) of section (2.2) below), are not sufficient to
determine the gluon graviton effective action ΓHTL[A, g], even at O(κ). This is contrary
to assertion made in [6]. We give supplementary conditions that enable determination of
ΓHTL[A, g] to O(κ). Further, it is shown that both ΓHTL[A, g] and ΓHTL(quark)[A, g] are
not known at present to O(κ2).
We show that the derived gluon contribution to the energy momentum tensor, THTLαβ ,
gives an integrated energy density (i.e. P0 =
∫
d3xTHTL00 ) which is a positive definite
functional of the gauge fields, although this property is not manifest. This is a straight-
forward corollary of the results of Blaizot and Iancu [3]. Finally, it is shown that the gluon
contribution to the integrated energy density is also given by the Hamiltonian associated
with the flatspace local auxiliary field action on elimination of the auxiliary fields.
2 Gluon fields
2.1 Flat space Gluon auxiliary fields
The notation used in this paper is as follows: we consider the interaction of a weak external
graviton field with massless thermal SU(N) QCD in the deconfined phase at temperature
T and zero chemical potential with Nf quark flavours. The generators of the fundamental
and adjoint representations of the colour group are denoted respectively by tA and TA.
These are taken to be hermitian and are normalised by
tr(tAtB) =
1
2
δAB tr(TATB) = NδAB (2.1)
The structure constants fABC satisfy [tA, tB] = +ifABCtC and (TA)BC = −ifABC . We
have quark fields ψ, gauge fields in the two above representations Aµ = A
A
µ t
A Aµ = AAµTA,
vierbien fields eaµ where a denotes a local Lorentz index and graviton fields φ
αβ given by
gαβ = ηαβ + κϕαβ (2.2)
where κ≪ 1.
Initially we deal with the gluon sector of the theory only, although the inclusion of
quarks will be considered later. We first discuss section (3) of Weldon’s paper [2]. Consider
introducing an action with auxiliary fields V µ0 (Q, x) = V
µA
0 (Q, x)t
A and W µ0 (Q, x) =
W µA0 (Q, x)t
A which transform like the field strength under gauge transformations. Here
Q is a light-like vector of the form (1, qˆ) and the measure dΩ(4π)−1 used below averages
over all possible qˆ and the label 0 indicates flat space. Weldon [2] defines the action Γ0
by
g2T 2X0(Q;V0,W0, A, η] =
∫
dΩ
4π
d4x2tr [−3
4
m2gW0µW0ν + V
µ
0 Q
νFµν − V µ0 Q ·DW0µ]
Γ0[V0,W0, A, η] = g
2T 2
∫
dΩ
4π
X0(Q;V0,W0, A, η] (2.3)
where DλWµ = ∂λWµ + ig[Aλ,Wµ] ; m
2
g = g
2T 2(2N + Nf)/18 and ‘tr’ refers to a
trace over the colour matrices. X0(Q;V0,W0, A, η] is an ‘angular integrand’ of Γ0 with
2
(Q;V0,W0, A, η] denoting that X0 is a function of Q and a functional of the the various
fields.
The Euler-Lagrange equations give
δX0
δV0
= 0⇒ (Q ·D)W0µ = QνFµν δX0
δW0
= 0⇒ (Q ·D)2V0µ = 32m2gQνFµν (2.4)
We have not yet specified boundary conditions. These are chosen so that the solutions
we obtain from (2.4) for the auxiliary fields, when substituted into (2.3), yield the flat
space gluon effective action ΓHTL0 [A, η]. However, we note that Γ
HTL
0 [A, η] is not uniquely
defined in Minkowski space. [As is well known [6], different ΓHTL0 [A, η] correspond to
different analytic continuations of the uniquely defined Euclidean effective action. This,
in turn, corresponds to a choice of writing non-local contributions to ΓHTL0 [A, η] in a
retarded or advanced form]. Thus, the boundary conditions are not uniquely defined by
the requirement that we derive a flat space gluon effective action.
Suppose we use homogeneous retarded conditions (i.e. that W0µ , V0µ → 0 as t →
−∞). Then we must take a retarded solution to (2.4) given by
W0µ = (Q ·D)−1ret(QνFµν) V0µ = (Q ·D)−2ret(QνFµν) (2.5)
where (Q ·D)−1ret is an integral operator whose action on an arbitrary field GA is defined
by
((Q ·D)−1retG)A(x) =
∫ 0
−∞
dθUAB(x, x+Qθ)GB(x+Qθ) (2.6)
with U(x, x+Qθ)AB =
(
P exp
∫ 0
θ
dθ′[−igQµAµ(x+Qθ′)]
)AB
The resulting expression on substituting (2.5) into (2.3) gives a retarded form of the
flatspace gluon effective action
g2T 2XHTL0 (Q;A, η] =
∫
d4x2tr[−3
4
m2g((Q ·D)−1retQλFµλ)((Q ·D)−1retQλF µλ)]
ΓHTL0 [A, η] = g
2T 2
∫
dΩ
4π
X0(Q;A, η] (2.7)
Alternatively using homogeneous advanced conditions results in a different, advanced,
expression for ΓHTL0 [A, η] above, where the integral operator (Q ·D)−1ret is replaced in (2.7)
by (Q ·D)−1adv whose action on an arbitrary field GA is defined by
((Q ·D)−1advG)A(x) = −
∫ ∞
0
dθUAB(x, x+Qθ)GB(x+Qθ) (2.8)
No other boundary condition results in a solution of (2.4), which when substituted into
(2.3), yields an expression of the form of a possible ΓHTL0 [A, η].
We impose a constraint on the gluon fields
(Q ·D)−1ret(QνFµν) = (Q ·D)−1adv(QνFµν) ≡ (Q ·D)−1(QνFµν) (2.9)
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We denote the set of gluon fields which satisfy (2.9) by Rgluon0 . For gluon fields in Rgluon0
the flat space gluon hard thermal loop effective action is uniquely defined and the initial
choice between advanced and retarded boundary conditions for solutions of (2.4) above
becomes redundant.
In the following sections we extend the theory to non-zero κ and encounter several
equations for which we have to choose between advanced and retarded boundary condi-
tions, as for (2.4) above. The different choices lead, for arbitrary fields, to effective actions
corresponding to different analytic continuations of the uniquely defined Euclidean effec-
tive action. For simplicity, we impose constraints on the fields such that, as for solutions
of (2.4) above, any choice between retarded or advanced non-local functionals of the fields
is actually redundant.
These constraints imply that whenever in the following sections we encounter a non-
local expression of the form
∫
dθ′B(x + Qθ′), where B is some function of the fields
(ψ¯, ψ, A, e), the fields are sufficiently constrained to ensure that
∫ θ
−∞
dθ′B(x+Qθ′) = −
∫ ∞
θ
dθ′B(x+Qθ′) (2.10)
Therefore, we effectively restrict the fields so that in the following sections we can always
take ∫ +∞
−∞
dθ′ = 0 (2.11)
This imposes a number of constraints on the collection of fields (ψ¯, ψ, A, e) and we denote
the set of all such collections by R. For example, from above we have that that the gluon
fields are restricted to some subset of Rgluon0 . The effective actions and energy momentum
tensors derived below are initially valid only for fields in R and are uniquely defined on
R. For fields not in R, the effective actions and energy momentum tensors can be derived
by analytic continuation of the expressions valid in R.
The collections of fields in R satisfy a great number of constraints, which are outlined
below. In the following sections R is assumed to be non-empty, unless explicity stated
otherwise.
[If R is an empty set, the results of this paper are still valid. The calculations, as
presented below, are invalidated. However, they can easily be repeated but instead of
assuming the fields are in R, we choose some prescription for writing either an advanced
or retarded form for any non-local expression encountered below (like solutions of (2.4)
above). Different prescriptions lead to effective actions corresponding to different analytic
continuations of the uniquely defined Euclidean effective action. The effective action and
QGP energy momentum tensor derived using this method are exactly the same as a specific
analytic continuation of the effective action and QGP energy momentum tensor derived
below. As will be verified below, there is a prescription which yields an effective action
for fields not in R with analyticity properties such that its associated energy momentum
tensor is retarded. (The physical significance of retarded currents for the QGP plasma is
discussed by Jackiw and Nair [9])].
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2.2 Inclusion of weakly coupling graviton field
Consider a generalisation of the above Minkowskian theory to include interactions of the
QGP with a weak graviton field, ϕαβ. Following [5] and [6] we assume the spacetime to
be asymptotically Minkowskian. By considering the symmetries of this theory, we aim
to write down an action of local auxiliary fields which, on elimination of the auxiliary
fields, gives to O(κ) the generating functional ΓHTLof hard thermal loop gluon-graviton
interactions, i.e.
ΓHTL[A, g] =
∫
dΩ
4π
∑
m,n
d4x1, . . . , d
4xmd
4y1, . . . , d
4yn (2.12)
Aµ1(x1), . . . , Aµm(xm), ϕ
α1β1(y1), . . . , ϕ
αnβn(yn)G
HTL(x1, . . . , xn, y1, . . . , yn;Q)
µ1...µm
α1β1...αnβn
≡ g2T 2
∫
dΩ
4π
XHTL(Q;A, g] (2.13)
GHTL refers to the hard thermal 1-loop truncated diagram with n external graviton fields
and m external gluon fields. As κ≪ 1 we take n = 1 unless explicity specified otherwise.
Clearly, the definition ofXHTL above only specifiesXHTL up to a total angular differential.
However it is known from hard thermal loop field loop theory [6] that XHTL can be chosen
to have the following properties
A. It is non-local but with non-localities only of the form of products of (Q · ∂)−1
operators. Examples of such operators are given by (2.30)
B. It is homogeneous of degree zero in Q.
C. It has dimensions of (energy)−2.
D. It is invariant under general coordinate, SU(N) gauge , Weyl scaling (and for spinor
theories) local Lorentz transformations which are restricted to tend to the identity
at infinity. (A property which all local transformations in this paper are assumed
to obey).
When XHTL is referred to in the rest of this paper we implicitly mean the form of XHTL
which satisfies the above conditions. [An alternative expression differing by a total angular
differential is the basis of the application of Chern-Simons field theory to hard thermal
loop phenomena [8]]. In an attempt to produce XHTL at least to O(κ) using an auxiliary
field lagrangian method, thus enabling a simpler calculation of THTLαβ , we extend (2.3)
to form a general coordinate and Weyl scaling invariant expression. However, we find
that is not possible to perform this extension uniquely and that this non-uniqueness has
interesting implications, which will be elaborated below.
2.2.1 A Weyl scaling and general coordinate extension
Consider the general coordinate and Weyl scaling invariant extension :
g2T 2XE(Q;V,W,A, g] ≡
∫
d4x(
√−ggµνeΛ)2tr
[
− 3
4
m2gWµWν
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+ Vµy˙
λFνλ − Vν [y˙α∇αWµ +Wα∇µy˙α − y˙αWαΛ,µ] (2.14)
+E
{
Vν [Wλ∇µy˙λ − y˙ ·W∂Λµ + gµλW · ∇y˙λ +Wµy˙ · ∂Λ − y˙µWαΛ,α]
}]
ΓE[V,W,A, g] ≡ g2T 2
∫ dΩ
4π
XE(Q;V,W,A, g]
where E is an arbitrary constant and ∇λ refers to a space-time and colour adjoint
derivative i.e.
∇λWµ = ∂λWµ − ΓρλµWρ + ig[Aλ,Wµ]
Note that ∇ acting on a colour trivial object, as will occur below, reduces to the standard
space time derivative.
In order to define y˙µ above, we must consider the null geodesic, denoted by yµ(x, θ),
which passes through x, is affinely parameterised by θ and satisfies the following conditions
yµ(x, 0) = xµ y˙µ(x, θ) ≡ dy
µ(x, θ)
dθ
→ Qµ as θ → ±∞ (2.15)
The tangent vector of yµ(x, θ) at θ = 0 defines the expression y˙µ used in (2.14) i.e.
y˙µ ≡ y˙µ(x, θ) |θ=0≡ dy
µ(x, θ)
dθ
∣∣∣
θ=0
(2.16)
Note that y˙µ generalises Qµ. Using the null geodesic equation
y¨(x, θ) = −Γλµν(y(x, θ))y˙µ(x, θ)y˙ν(x, θ) (2.17)
and the conditions (2.15) we can expand y˙µ(x, θ) in powers in of κ. Using (2.11), we have
to first order in κ
y˙λ(x, θ) = Qλ − κ
∫ ∞
θ
dθ′γλ(x+Qθ′) +O(κ2) (2.18)
= Qλ + κ
∫ θ
−∞
dθ′γλ(x+Qθ′) +O(κ2)
where γλ = −Qµ(Q · ∂)φλµ + 12QµQν∂λφµν
Note that
∫ θ
−∞ dθ
′γλ(x + Qθ′) = − ∫∞θ dθ′γλ(x + Qθ′) gives a constraint on the vierbien
associated with the metric. This constraint therefore must be satisfied by any vierbien
belonging to R. Similar restrictions arise at higher orders in κ. Without such restrictions
we can choose y˙λ(x, θ) such that (y˙λ(x, θ)−Qλ) satisfies either homogeneous retarded or
homogeneous advanced boundary conditions, but not both.
Λ is a dimensionless scalar, homogeneous of degree zero in Q, which vanishes when
g = η with the Weyl scaling property that Λ→ Λ + 2σ.
[Recall that a Weyl scaling is given by gαβ → e2σgαβ , gαβ → e−2σgαβ , Aµ → Aµ ,
ψ → e 3σ2 ψ where for this paper we assume σ → 0 as x→∞].
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We can give a simple closed form expression for Λ in terms of y˙µ(x, θ) defined above.
First recall that a null geodesic, although invariant under a Weyl scaling, is reparame-
terised so that its affine parameter θ transforms as dθ→ e−2σdθ. Thus
y˙µ(x, θ) ≡ dy
µ(x, θ)
dθ
→ e2σ(y(x,θ))y˙µ(x, θ) (2.19)
on a Weyl scaling .
Taking into account the well known (see eg. [11]) Weyl scaling properties of the
Christoffel symbol, it is straightforward to show that
(∇αy˙α)→ e2σ(∇αy˙α − 2(y˙α∂ασ)) (2.20)
on Weyl scaling and hence Λ can be defined by the solution of the equation
(y˙ · ∂)Λ = −(∇αy˙α) (2.21)
Again using (2.11), we have
Λ(y(x, θ)) = +
∫ ∞
θ
dθ′ ∇ν y˙ν(y(x, θ′)) = −
∫ θ
−∞
dθ′ ∇ν y˙ν(y(x, θ′)) (2.22)
Again the equality of advanced and retarded versions of Λ requires a constraint on the
vierbien fields belonging to R. We have
Λ(x) ≡ Λ(y(x, 0))→ Λ(y(x, 0)) + 2σ(x) = Λ(x) + 2σ(x) (2.23)
on Weyl scaling as required. It is also straightforward to check this definition is consistent
with all the other properties required of Λ.
Note however Λ is not uniquely defined at O(κ2) and the consequences of this are dis-
cussed in Appendix C. Below, we use Λ as given in (2.22). However, as we are working at
O(κ) throughout this paper (except briefly in Appendix C), all of the following discussion
is independent of the second order ambiguity in Λ.
XE(Q;V,W,A, g] above has been constructed to be Weyl scaling invariant if V and
W are Weyl scaling invariant. [Note that although the Weyl scaling properties imposed
on W and V appear to be arbitrary , this apparent freedom doesn’t actually affect the
Weyl scaling and general coordinate invariant extension of the flat space action at O(κ),
as demonstrated in Appendix B].
To insure Weyl scaling invariance of XE it is not sufficient to generalise Q·DWµ to y˙ ·∇Wµ
due to the awkward Weyl scaling properties of the Christoffel symbols present in ∇ and
hence extra terms are added so that
Q ·DWµ → y˙α∇αWµ +Wα∇µy˙α − y˙αWαΛ,µ = y˙α∂αWµ +Wν∂µy˙ν − y˙αWαΛ,µ
Thus the Christoffel symbol of Wν∇µy˙ν cancels the Christoffel symbol of y˙α∇αWµ in a
covariant manner. Using (2.19) and and (2.23) is is straightforward to verify that the
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above expression is simply multiplied by e2σ on Weyl scaling. This ad-hoc fixing of Weyl
scaling is not unique and an alternative is given by
Q ·DWµ = ηµνQ ·DW ν → gµν [y˙α∇αW ν −W µ∇µy˙ν −W ν y˙ · ∂Λ + y˙νW · ∂Λ]
The difference between these two possibilities gives the coefficient of E in (2.14) above
and thus E is an arbitrary parameter, reflecting the ambiguity present in extending Wel-
don’s action. Of course, we don’t know yet for what value of E (if any) (2.14) will yield
XHTL (to O(κ) at least) on elimination of the auxiliary fields. Further ambiguities exist
at O(κ2) and are discussed in Appendix C.
2.2.2 Elimination of the auxiliary fields
Let XE(Q;A, g] and ΓE [A, g] denote the angular integrand and the action formed by
the elimination of the auxiliary fields from XE(Q;V,W,A, g] and ΓE [V,W,A, g] using the
Euler-Lagrange equations. Thus,
g2T 2XE(Q;A, g] =
∫
d4x(
√−ggµνeΛ)2tr(−3
4
m2gWµWν) (2.24)
ΓE [A, g] = g
2T 2
∫
dΩ
4π
XE(Q;A, g]
where W is a solution of the Euler Lagrange equations
y˙α∇αWµ = y˙νFµν +Wα(∆E)αµ (2.25)
(∆E)α µ = y˙
αΛ,µ−∇µy˙α + E[∇µy˙α − y˙αΛ,µ+12gαµ y˙ · ∂Λ + (α↔ µ)]
Clearly any solution Wµ to the above equation is covariant under general coordinate
transformations, transforms like the field strength under gauge transformations and has
dimensions L−1. A solution of (2.25) can be obtained as a perturbative expansion in κ.
Writing
Wµ =
∑
n=0
κnWnµ , (y˙ · ∇) = Q ·D + ∑
n=1
κn(y˙ · ∇)n , y˙ν = Qν +
∑
n=1
κny˙νn (2.26)
(∆E)αµ =
∑
n=1
κn(∆En )
α
µ
we have
W0µ = (Q ·D)−1(QνFµν) (2.27)
Wnµ = (Q ·D)−1{y˙νnFµν +
n−1∑
p=0
[−(y˙ · ∇)n−pWpµ + (∆En−p)αµWpα]} (2.28)
Thus W0µ agrees with the flat space auxiliary field in section (2.1). We impose sufficient
restrictions on the gluon and vierbien fields in R to ensure that the choice of a retarded
or advanced inverse in (2.28) is redundant.
By expanding (Q·D)−1 in powers of g, it is straightforward to verify that eachWnµ and
hence Wµ consists of non-localities of the form of products of (Q · ∂)−1. Applying Q · ∂∂Q
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to both sides of equation (2.28) we see (by inducting on n) that each Wnµ is homogeneous
of degree zero in Q and hence so is Wµ.
W is also Weyl invariant as this is imposed on W when making the extension from
flat space. Note that any solution of (2.28) must be Weyl invariant as it can be shown,
by induction on n, that each Wnµ is Weyl invariant.
Hence Wµ has the correct properties to ensure XE(Q;A, g] obeys (A) → (D) as given
in section (2.2). This fact, together with the observation that in the limit g → η, XE
reduces to X0, is interesting and contrary to the previous assertion that a functional
satisfying conditions (A) → (D) and with the correct flatspace terms would be in fact
equal to XHTL(Q;A, g] at higher orders in κ [6, 7]. This is considered in more detail in
section (A.2) of Appendix A.
2.2.3 The relation between XE(Q;A, g] and X
HTL(Q;A, g]
We show in Appendix A that the following holds: given any expression which
i. Satisfies conditions (A) → (D) above.
ii. Reduces to XHTL0 (Q;A, η] when g ≡ η.
iii. Agrees with XHTL(Q;A, g] at O(g2κ).
must, at least to O(κ), be equal to XHTL(Q;A, g] for all orders in g.
Now consider XE[A, g] above. We know it satisfies conditions (i) and (ii) above. We
will show that for E = 0 , it also agrees with XHTL at O(g2κ). First, we calculate SEαβ
defined by
SEαβ ≡ 2g2T 2limg→η
(
δXE(Q;A,g]
δgαβ
)
(so that the angular integral of the above is equal to the energy momentum tensor associ-
ated with the action ΓE). Then we explicitly verify that for E = 0 , S
E=0
αβ is equal to the
O(g2) contribution to the angular integrand of THTLαβ which is consistent with conditions
(A) → (D) (as calculated using thermal field theory in [6]). This shows equality between
XE and X
HTL at O(g2κ) which explicitly confirms condition (iii). Hence we deduce that
XE=0(Q;A, g] = X
HTL(Q;A, g] at least to O(κ) and hence that
∫
dΩ(4π)−1 SE=0αβ is equal
to the gluon contribution of the retarded QGP energy momentum tensor, THTLαβ , to all
orders in g.
2.3 Calculation of SEαβ and the QGP energy momentum tensor
The calculation of SEαβ is simplified by noting that for when V , W are considered as
functionals of the physical fields ie. V = V (Q;A, g], W = W (Q;A, g] we have
δXE(Q;V,W,A,g]
δgαβ
∣∣∣
A,V,W
= δXE(Q;V,W,A,g]
δgαβ
∣∣∣
A
− δXE(Q;V,W,A,g]
δVµ
∣∣∣
A,g,W
δVµ(Q;A,g]
δgαβ
− δXE(Q;V,W,A,g]
δWµ
∣∣∣
A,g,V
δWµ(Q;A,g]
δgαβ
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but with g = η, V = V0, and W = W0 (see (2.4)) we have
δXE(Q;V,W,A,g]
δVµ
and δXE(Q;V,W,A,g]
δWµ
zero and hence
SEαβ = 2g
2T 2limg→η
( δXE(Q;V = V0[A, g],W =W0[A, g], A, g]
δgαβ
∣∣∣∣∣
A,V,Wconst
)
(2.29)
Note that calculating SEαβ only requires the flat space equations for the auxiliary fields and
thus that XE(Q;A, g] at O(κ) depends only on the flat space auxiliary fields. Performing
the calculation it is useful to note the following∫
d4xG(x)((Q · ∂)−1retF )(x) = −
∫
d4x((Q · ∂)−1advG)(x)F (x) (2.30)
where ((Q · ∂)−1retF )(x) =
∫ 0
−∞
dθF (x+Qθ) ((Q · ∂)−1advF )(x) = −
∫ ∞
0
dθF (x+Qθ)
The labels ‘ret’ and ‘adv’ can be dropped if which
∫
dθ′F (x+Qθ′) and
∫
dθ′G(x+Qθ′) are
non-local functionals of the fields for which (2.11) holds. We impose sufficient restrictions
for fields in R to ensure that all non-local functionals encountered below satisfy (2.11).
Hence from the definitions of y˙ and Λ, we have for any Fλ and F∫
dxy˙λFλ =
∫
dxφαβ 1
2
[Q{αη
λ
β} −QαQβ(Q · ∂)−1∂λ]Fλ (2.31)∫
dxΛF =
∫
dxφαβ 1
2
[QαQβ✷(Q · ∂)−2 + ηαβ −Q{α∂β}(Q · ∂)−1]F
where A{αBβ} = AαBβ + AβBα
On performing the calculation we find
SEαβ = 4tr
(
1
2
[QαQβ✷(Q · ∂)−2 −Q{α∂β}(Q · ∂)−1][−34m2gW µ0 W0µ]− 34m2gW0αW0β
+1
2
[Q{αη
λ
β} −QαQβ(Q · ∂)−1∂λ][V µ0 Fµλ − V0µDλW µ0 + ∂µ(W0λV µ0 )] (2.32)
+1
2
E
{
[Q · ∂(W0{βV0α})− [Q{αηλβ} −QαQβ(Q · ∂)−1∂λ][∂µ(W0λvV µ0 + V0λW µ0 )]
−[QαQβ✷(Q · ∂)−2 + ηαβ −Q{α∂β}(Q · ∂)−1][Q · ∂(V0µW µ0 )]
})
Note V0µ andW0µ are given by (2.4) and we have used Q
µV0µ = Q
µW0µ = 0 in deriving the
above. The the coefficient of E in (2.32) is discussed further in section A.2 of Appendix
A.
Setting E=0 we find SE=0αβ gives equation (6) of [6] in momentum space at O(g
2) thus
showing, given the result of Appendix A, that XE=0(Q;A, g] = X
HTL(Q;A, g] at O(κ) for
all orders in g. Thus SE=0αβ is the angular integrand of the gluon contribution to the QGP
energy momentum tensor THTLαβ and hence
THTLαβ =
∫
dΩ
4π
SE=0αβ (2.33)
The calculations deriving this are valid for gluon fields in R. We can analytically con-
tinue from R to consider this expression for gluon fields not in R. A choice of analytic
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continuation where all fields are retarded is of particular physical significance [9]. Despite
using a local auxiliary field angular integrand, THTLαβ is not local even with respect to the
auxiliary fields. This is because y˙µ and Λ have a non-local dependence on the graviton
fields.
An interesting but difficult question is whether or not XE=0(Q;A, g] is correct at O(κ
2)
and some of the difficulties that arise are discussed in Appendix C.
[We again consider the problem of choosing a prescription which yields a retarded
energy momentum tensor. As discussed in section (2.1), such an approach is required if
we drop the assumption that R is non-empty. The prescription is to choose the advanced
expressions for y˙ and Λ in (2.18) and (2.22), while choosing retarded expressions for all
other possibilities. With this choice of prescription we see that, on use of (2.30), (2.31)
is still valid on replacing (Q · ∂)−1 by (Q · ∂)−1ret. This would therefore lead to retarded
energy momentum tensor, automatically valid for fields not in R].
3 Single auxiliary field model
3.1 Flat space auxiliary fields
The same analysis is applied to a model with only one auxiliary fieldmµ0 (Q, x) = m
µA
0 (Q, x)t
A
which again transforms like the field strength on gauge transformations.
Consider the following angular integrand X0(Q;m0, A, η] and action Γ0[m0, A, η], as
flat space precursors:
g2T 2X0(Q;m0, A, η] =
∫
d4x(4b)tr[mλ0Q
νFλν +
1
2
(Q ·Dm0ν)(Q ·Dmν0)] (3.34)
Γ0[m0, A, η] ≡ g2T 2
∫
dΩ
4π
X0(Q;m0, A, η]
On taking b = 3
4
m2g and using (2.11) together with the Euler-Lagrange equation form, the
above reduce to the non-local flat space hard thermal loop angular integrand and action,
i.e.
δX
δm
= 0 ⇒ m0µ = (Q ·D)−2QνFµν ⇒ (3.35)
g2T 2XHTL0 (Q;A, η] = −
∫
d4x 2tr[3
4
m2g[(Q ·D)−1QλFµλ][(Q ·D)−1QλF µλ]]
Γ0[A, η] ≡ g2T 2
∫
dΩ
4pi
X0(Q;A, η]
Note that above we have used∫
d4x(QνF µν)[(Q ·D)−2(QνFµν)] = −
∫
d4x[(Q ·D)−1(QνFµν)][(Q ·D)−1(QνF µν)](3.36)
which is valid for fields in R.
3.2 Inclusion of Weakly coupling graviton field
Again, on generalising to curved space and imposing Weyl invariance , we hope to obtain
XHTL[A, g] on the elimination of the auxiliary fields. As in section 2 we find there are
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ambiguities. Consider the generalisation where E ′ is an arbitrary constant:
g2T 2XE′ =
∫
d4x(
√−geΛ)2tr
[
2b(ηνρm
ρy˙λFνλ) (3.37)
+b gµν(B
µBν + E ′BµCν + 1
2
E ′2CµCν)
]
where Bµ = (y˙α∇αmµ −mλ∇λy˙µ + y˙µmλ∂λΛ) (3.38)
Cν = (mρ∇ν y˙ρ −m · y˙Λ,ν +mν y˙ · ∇Λ +m · ∇y˙ν − y˙νm · ∇Λ) (3.39)
with mµ → mµ on Weyl scaling. Again the choice of the Weyl scaling properties doesn’t
affect XE′(Q;m,A, g] at O(κ) (see Appendix B) and the choice above is for simplicity.
The coefficients of E ′ & E ′2 correspond to to the fact that the extension to a general
coordinate and Weyl scaling invariant action is not unique and they are due to taking
different combinations of the following two possibilities for the generalisation of Q ·Dmµ
(both of which are simply multiplied by e2σ on Weyl scaling).
Q ·Dmµ → y˙α∇αmµ −mα∇αy˙µ + y˙µmα∂αΛ
Q ·Dmµ = ηµνQ ·Dmν → gµν [y˙α∇αmν +mρ∇ν y˙ρ −mαy˙αΛ,ν +mν y˙α∂αΛ]
The Euler-Lagrange equations for mµ are
y˙ · ∇(Bα + E ′Cα) = y˙λFαλ + (Bν + E ′Cν)(∆E′)α µ (3.40)
where (∆E
′
)αµ is given by (2.25) (for E → E ′). Thus by (2.25) we see that Wµ solves
(3.40) and hence we have
y˙α∇αmµ = gµνWν − (∆E′)µ νmν (3.41)
This is solved in exactly the same way as (2.25) (after raising indices and replacing y˙νF µν
by gµνWν). Clearly any solution m
µ to the above equation is covariant under general
coordinate transformations, transforms like the field strength under gauge transformations
and has dimensions L0. By expanding in powers of g and κ it is straightforward to
show that it non-localities are only of the form of products of (Q · ∂)−1. Writing mµ =
Σn=0κ
nmµn,it is also straightforward to prove [by induction on n exactly as in section
(2.2.2)] that mµ is homogeneous in Q of degree minus one and that its imposed Weyl
invariance is consistent with the Euler Lagrange equations.
Defining XmE′(Q;A, g] by (3.37) at the solution of (3.40) we see that m
µ has the correct
properties to ensure that XmE′(Q;A, g] satisfies condition (i). Section (3.1) shows that it
satisfies condition (ii). Thus we see that XmE′(Q;A, g] is a counterexample to the assertion
that a functional satisfying conditions (A) → (D) and with the correct flatspace terms
would be in fact equal to XHTL(Q;A, g] at higher orders in κ [6, 7]. [In fact, as we will
show below XmE′(Q;A, g] = XE(Q;A, g] at O(κ) for E = E
′].
In addition condition (iii) is satisfied for E ′ = 0. We show this by simply calculating
mSE
′
αβ ≡ 2g2T 2 limg→η
δXmE′(Q;A, g]
δgαβ
(3.42)
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and verifying that mSE
′=0
αβ = S
E=0
αβ (which is equal to the angular integrand of T
HTL
αβ which
satisfies (A) → (D) by the results of section 2).
Using the techniques of section (2.3) we find mSE
′
αβ is a function of the gluon fields
given by
mSE
′
αβ = 4btr
{
1
2
[QαQβ✷(Q · ∂)−2 −Q{α∂β}(Q · ∂)−1][m0µfµ + 12Q ·Dm0µQ ·Dmµ0 ]
+ 1
2
[Q{αη
λ
β} −QαQβ(Q · ∂)−1∂λ][m0µF µλ + (Dλm0µ)Q ·Dmµ0 (3.43)
+∂µ(m0µQ ·Dm0λ)]− 12(Q ·Dm0αQ ·Dm0β)
+ 1
2
E ′
[
− [Q{αηλβ} −QαQβ(Q · ∂)−1∂λ][∂µ(Q ·m0λmµ0 +m0λQ ·mµ0 )]
− [QαQβ✷(Q · ∂)−2 + ηαβ −Q{α∂β}(Q · ∂)−1][Q · ∂(m0µQ ·mµ0 )]
+ Q · ∂(Q ·m0{βm0α})
]}
where fµ = QρF µ ρ and m0µ is given by (3.40). Note that we have used Q
µm0µ = 0
in deriving the above and that the coefficient of E ′ in mSE
′
αβ above is the same as the
coefficient of E in (2.32) which is consistent with uniqueness results stated in section (2)
(and derived in Appendix A).
Setting E ′ = 0 in (3.43), applying the identity
(Dλm0µ)Q ·Dm0µ = ∂λ{(Q · ∂)−1(Q · ∂)[(Q ·Dmµ0 )m0µ]} −mµ0Dλ(Q ·Dm0µ)
in the second line above and noting that W0µ = (Q ·D)m0µ and V0µ = 2b Q ·Dm0µ it is
straightforward to see that mSE
′=0
αβ is equal to S
E=0
αβ derived earlier.
Hence XmE′=0(Q;A, g] satisfies conditions (i) → (iii) . Indeed, we see from the equiv-
alence of SEαβ and
mSE
′
αβ (for E = E
′) that the actions presented in section (2) and this
section are equivalent at O(κ) and hence that the results of section (2) could be derived,
ab initio, with a model using only one auxiliary field.
Again, considering agreement of these actions and the gluon graviton hard thermal
loop effective action at O(κ2) is a more difficult problem.
4 Quark Sector
4.1 Flat space auxiliary fields
Again we perform the analysis of section 2 only now for the quark sector of the theory,
with the aim of deriving an expression for
lime→η
[
ea α
δΓHTL(quark)[ψ¯, ψ, A, g]
δeaβ
]
(4.44)
where e is the vierbien field.
We start from a flat space angular integrand Xquark(0) and action Γquark(0) with a
dependence on the auxiliary fields χ0(Q, x) and Ψ0(Q, x) , the latter of which acts as a
lagrange multiplier (cf. V (Q, x) in section 2).
g2T 2Xquark(0) =
∫
d4xa(ψ¯χ0 + Ψ¯0( /Qψ + iQ · D˜χ0) + h.conj.)
Γquark(0) = g
2T 2
∫
dΩ
4pi
Xquark(0)
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where a = g2T 2(N2 − 1)/(16N) and D˜λ is the covariant derivative acting on fields in the
fundamental representation ie. D˜λψ = ∂λ + igAλψ. The Euler-Lagrange equations give
(Q · D˜)χ0 = i/Qψ and (Q · D˜)Ψ0 = iψ (4.45)
Again, we impose sufficient restrictions on the fields belonging to R to ensure that (2.11)
holds for the non-local functionals of the fields which we encounter in the quark sector.
Thus we have
χ0 = i(Q · D˜)−1 /Qψ Ψ0 = i(Q · D˜)−1ψ (4.46)
with (Q · D˜)−1retψ = (Q · D˜)−1advψ ≡ (Q · D˜)−1ψ (4.47)
where (Q · D˜)−1ret and (Q · D˜)−1adv are integral operators similar to (2.6) and given by
((Q · D˜)−1retψ)A(x) =
∫ 0
−∞
dθU(x, x+Qθ)ψ(x+Qθ) (4.48)
((Q · D˜)−1advψ)A(x) = −
∫ ∞
0
dθU(x, x+Qθ)ψ(x+Qθ)
with U(x, x+Qθ) =
(
P exp
∫ 0
θ
dθ′[−igQµAµ(x+Qθ′)]
)
Thus we have on elimination of the auxiliary fields and using [ /Q,Q · D˜] = 0,
X(0)quark = iaψ¯ /Q(Q · D˜)−1ψ + h. conj. (4.49)
This is the quark flatspace hard thermal loop angular integrand denoted XHTLquark(0) and the
above calculation is valid for fields in R. We can consider (4.49) for fields not in R by
analytic continuation.
4.2 Inclusion of weakly coupling graviton field to quark sector
Again, we consider generalising to curved space and imposing Weyl invariance noting
that the Weyl transformation properties of the auxiliary fields once more do not affect
the action at O(κ) (see Appendix B). Thus Ψ and χ can be considered, without loss
of generality, as Weyl invariants. Unlike sections 2 and 3 we find no ambiguities on
generalising the angular integrand and action. This is consistent with the fact that quark
sector analogues of the gluon conditions (i) and (ii) (given by (i)′ and (ii)′ in section (A.3)
of Appendix A) are sufficient,without an analogue of the gluon condition (iii) above, to
determine XHTL(quark). (See section A.3 of Appendix A for further details). This makes
the quark analysis relatively straightforward. ΓHTL(quark) and XHTL(quark) are defined
analogously to their gluon counterparts ie.
ΓHTL
(quark)
=
∫ dΩ
4π
d4z1d
4z2
∑
m,n
d4x1, . . . , d
4xmd
4y1, . . . , d
4ynAµ1(x1), . . . , Aµm(xm)
ϕα1β1(y1), . . . , ϕ
αnβn(yn)ψ¯(z1)G
HTL(quark)(x1, . . . , xn, y1, . . . , yn;Q)
µ1...µm
α1β1...αnβn
ψ(z2)
≡ g2T 2
∫
dΩ
4π
XHTL(quark)(Q; ψ¯, ψ, A, g] (4.50)
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where GHTL(quark) refers to the hard thermal 1-loop truncated diagram with a quark anti-
quark pair of external fields, n external graviton fields and m external gluon fields. As
before we take n = 1 and assume that XHTL(quark) satisfies conditions (A) → (D) given
above. Consider the Weyl scaling and general coordinate invariant generalisation of the
auxiliary field angular integrand in section (4.1) :
g2T 2Xquark =
∫
d4x
√−ga(ψ¯e 5Λ4 χ+ Ψ¯(e 5Λ4 (e−Λ2 /˙y )ψ + ieΛy˙ · ∇˜χ) + h. conj. (4.51)
Γquark =
∫
dΩ
4pi
Xquark
where
(y˙ · ∇˜)χ = y˙ν(∂ν + igAν + ω′νbcσbc)χ (4.52)
with ω′νbc = +
1
2
eρbecρ;ν +
1
4
(ebνe
ρ
c − ecνeρb)Λ,ρ (4.53)
and e−
Λ
2 /˙y = e−
Λ
2 (y˙νeaνγ
a) (4.54)
Note that eΛ(y˙ · ∇˜)χ and e−Λ2 /˙y are both Weyl invariants.
We now eliminate the auxiliary fields χ,Ψ from (4.51) and denote the resulting ex-
pression by X∗quark. We have from the Euler-Lagrange equation for Ψ¯
δXquark
δΨ¯
= 0 ⇒ (y˙ · ∇˜)χ = i[eΛ4 (e−Λ2 /˙y )ψ] (4.55)
Again, we restrict the fields so that we have equality between the retarded and advanced
solutions of (4.55). Thus,
((y˙ · ∇˜)−1χ)(x) =
∫ 0
−∞
V (x, x+Qθ)χ(x+Qθ) =
∫ ∞
0
V (x, x+Qθ)χ(x+Qθ)
where V (x, x+Qθ) =
(
P exp−
∫ 0
−θ
dθ′[y˙ν(igAν(y(x, θ
′)) + ω′νbc(y(x, θ
′))σbc)]
)
(4.56)
=
(
P exp−
∫ 0
−θ′
[igy˙νAν(y(x, θ
′))]
)
·
(
P exp−
∫ 0
θ′
[y˙νω′νbc(y(x, θ
′))σbc]
)
where y(x, θ′) is given by (2.17) subject to (2.15).
Noting that Ψ and Ψ¯ are Lagrange multipliers, we can now eliminate the auxiliary fields.
Using [e−
Λ
2 /˙y , (y˙ · ∇˜)−1eΛ]χ = 0 for any χ (See Appendix D), we have the following
expression for X∗quark
X∗quark = ia
∫
d4x
√−g(ψ¯e 3Λ4 /˙y(y˙ · ∇˜)−1eΛ4 ψ + h. conj. ) (4.57)
It is straightforward to verify that X∗quark satisfies conditions (i)
′ and (ii)′ of section (A.3)
of Appendix A, where it is shown that this implies that X∗quark = X
HTL(quark) to O(κ).
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Therefore, we can use the same methods as before (section (2.3)) to calculate the quark
energy momentum tensor :
T
HTL(quark)
αβ =
∫
dΩ
4π
Squarkαβ (4.58)
with Squarkαβ ≡ g2T 2 lime→η
(
eaα
δX∗quark
δeaβ
)
= g2T 2 lime→η
(
eaα
δXHTL(quark)
δeaβ
)
Squarkαβ = a[QαQβ✷(Q · ∂)−2 −Q{α∂β}(Q · ∂)−1][Ψ¯0 /Qψ]
+ a[Q{αη
λ
β} −QαQβ(Q · ∂)−1∂λ][Ψ¯0γλψ + iΨ¯0Dλ /QΨ0]
+ i
2
a[∂µ(Ψ¯Qασ
µ
β χ+ Ψ¯Qβσ
µ
α χ + Ψ¯Q
µσαβχ)] + h.conj.
It is straightforward verify that, up to O(κ), X∗quark agrees with the quark gluon
graviton effective action given by equation (34) of [6]. They do not agree at O(κ2) despite
the fact that both satisfy conditions (i)′ and (ii)′ due to the fact that our definitions of Λ
are different at O(κ2) (as discussed further in Appendix C).
Again, these calculations are valid in R and may be analytically continued to fields
off R.
5 Conserved Currents
First of all we note that for any Gλ∫
d3xG0 =
∫
d3x(Q · ∂)−1∂λGλ (5.59)
Using (5.59) it is straightforward to calculate the integrated energy and momentum den-
sities. Consider the gluon sector. We have from (2.32) (with E = 0)
Pα ≡
∫
d3xTHTL0α =
∫
dΩ
4π
d3x4tr
[
(1
2
ηα0ηµν − ηµαη0ν)(34m2gW µ0 W ν0 ) (5.60)
+1
2
Qαη
λ
0 (V0µF
µ
λ − V0µDλW µ + ∂µ(V µ0 W0λ))
]
where W µ0 and V
µ
0 are given by (2.4). Notice that Pα is local before the elimination of
the auxiliary fields. It is straightforward to verify that this expression agrees with Pα as
would be calculated in other papers (compare eg. (3.13) of [2]) which Blaizot and Iancu
[3], using properties of the angular integral
∫
dΩ(4π)−1, have shown to be equal to
P0 =
∫
dΩ
4π
d3x 3
4
m2g[(Q ·D)−1QµF0µ][(Q ·D)−1QµF0µ] (5.61)
Thus P0 is in fact a positive definite functional of the gluon fields even though this
positivity is not manifest.
Similarly, we can write down P quarkα
P quarkα ≡
∫
d3xT
HTL(quark)
0α (5.62)
=
∫
dΩ
4π
∫
d3xa
[
− ηα0(Ψ¯0 /Qψ) + Ψ¯0γαψ + iΨ¯0Dα /QΨ0
]
+ h.conj.
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where Ψ0 is given by (4.45). We note that this expression is a local function of the auxiliary
fields and does not appear to be positive definite which perhaps is to be expected eg. by
comparison with the zero temperature quark contribution to energy momentum tensor.
THTLαβ and T
HTL(quark)
αβ are symmetric and traceless (on use of the equations of motion
for THTL(quark)) (see [10]). Thus, the construction of angular momentum and scaling
currents/charges is standard. They are defined by (for the gluon sector)
Mµλν = xµ(T
HTL
λν − xνTHTLλµ ) Cµ = xνTHTLµν
Jµν =
∫
d3xMµ0ν C =
∫
d3xC0 (5.63)
with similar definitions for the quark sector expressions. It should be noted that these
expressions unlike the Pµ are non local even before the elimination of the auxiliary fields.
As a final exercise, we compare P0 =
∫
d3xTHTL00 with the the Hamiltonian derived
from the local auxiliary field lagrangian density L where g2T 2X0(Q;m0, A, η] =
∫
d4xL.
We use the mµ0 field model for simplicity as it has less constraints then the V
µ
0 ,W
µ
0 model
where V µ0 acts as a lagrange multiplier.
In the following we write we write out colour indices (A,B, . . .) instead of using a
matrix notation. For clarity, we also drop the flat space label 0 although we are working
with flat space fields in this analysis. Thus all indices in the remainder of this section are
either colour or coordinate ones.
L = (2b)[mλAQνFAλν + 12(Q ·DmAν )(Q ·DmνA)]− 14FAµνF µνA (5.64)
The conjugate momemta for m and A are given respectively by
ΠµA = 2b(Q ·D)mµA ΠµAgluon = EµA + 2b(Qµm0A −mµA) (5.65)
where EµA = F µA0 . Hence
∂0m
µA = 1
2b
ΠµA +Q ·DmµA + ifABCAB0 mµC (5.66)
∂0A
A
j = DjA
A
0 − EAj Π0Agluon ≡ 0
H ≡ ΠAµ∂0mµA +ΠµAgluon∂0AAµ − L
= 1
2
(E2 +B2) + ΠAµ (Π
µA +Q ·DmµA + ifABCAB0 mµC)
− 2b mjAQkFAjk + AA0 (DjΠAj ) (5.67)
We want to compare
∫
dΩ
4pi
∫
d3xH with ∫ d3x mSE′=000 .
[Note that in deriving mSE
′=0
αβ in (3.43) we have used the equations of motion for m
to drop a term with a (Qµmµ) dependence, which we denote by δ(
mSE
′=0
αβ )
δ(mSE
′=0
αβ ) = −12 [QαQβ✷(Q · ∂)−2 + ηαβ −Q{α∂β}(Q · ∂)−1]
[∂µ(m
µQρ(Q ·Dmρ))]
However it is straightforward to check that
∫
d3xδ(mSE
′=0
00 ) = 0 and hence
∫
d3xmSE
′=0
00 is
given by integrating (3.43) with E ′ = 0].
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Subtracting
∫
dΩ
4pi
∫
d3xH from ∫ d3x mSE′=000 we obtain not zero but∫
dΩ
4π
∫
d3x2b m0A[(Q ·D)2m0A −QµF 0Aµ]− AA0 (DjΠAj + ifBACΠBµmµC) (5.68)
Thus the m field theory produces a non standard result due to the unusual form of its
‘kinetic energy’ term 1
2
(Q ·DmAν )(Q ·DmνA) which has cross terms of time and and spatial
derivatives. However, the physical theory is obtained by elimination of the auxiliary fields
in which case the term proportional to m0 drops out (see 3.35) leaving only the Gauss
constraint term, ie. a gauge transformation generator which is constrained to zero when
considering the physical, gauge invariant, theory. Hence, we see that for the physical
theory
∫
dΩ
4pi
∫
d3xH = ∫ d3xTHTL00 .
6 Conclusions
In the above we have shown how to derive the gluon and quark contributions, THTLαβ
and T
HTL(quark)
αβ , to the retarded QGP energy momentum tensor using an auxiliary field
method. These tensors have some desirable properties :
a. They are automatically gauge invariant, without having to add divergences ‘by
hand’.
b. They are symmetric. THTLαβ = T
HTL
βα from its definition and T
HTL(quark)
αβ = T
HTL(quark)
βα
as a consequence of the local lorentz symmetry and the equations of motion (See
eg. [10]).
c. THTL αα = T
HTL(quark) α
α = 0 using Weyl scaling symmetry together with the
equations of motion.
d. ∂α(THTLαβ + T
HTL(quark)
αβ ) = 0, as required for a energy momentum tensor of a closed
system. This is a consequence of general coordinate symmetry and the equations
of motion. (Note that we have not introduced an external source in this paper and
hence do not a external source current on the right hand side of the above, unlike
Blaizot and Iancu).
e. Despite appearances, THTLαβ is a positive definite functional of the gluon fields, al-
though to show this requires properties of the angular integral ie.
∫
dΩ(4π)−1.
Properties (a)→ (c) allow straightforward construction of the conserved quantities of the
QGP ie. momentum, angular momentum and the scaling current as given above.
However, the expressions for THTLαβ and T
HTL(quark)
αβ are cumbersome, being non-local
functionals even before elimination of the auxiliary fields. The angular momenta and
scaling currents/charges are non local even before elimination of the auxiliary fields mak-
ing their manipulation cumbersome too. Finally we conclude by noting that the insights
gained using the above method have shown that ΓHTL[A, g] and ΓHTL(quark)[ψ¯, ψ, A, g]
are more complicated than previously thought and are certainly not known at present to
O(κ2) .
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A Appendix A
In this Appendix we discuss the result that any expression, denoted Xguess(Q;A, g] which
i. Satisfies conditions (A) → (D)
ii. Reduces to XHTL0 (Q;A, η] when g ≡ η
iii. Agrees with XHTL(Q;A, g] at O(g2κ)
must in fact equal to XHTL(Q;A, g] at O(κ) for all orders in g. In appendix C we briefly
discuss the some of the further complications that arise at O(κ2).
Firstly, we note that this result is much weaker than previous speculation that (i) & (ii)
would be sufficient to imply equality between Xguess(Q;A, g] and XHTL(Q;A, g] [6, 7].
As seen at the end of section (2.2.3) XE is a clear counterexample.
As condition (ii) gives equality at O(κ0) we are primarily interested in the theory at
O(κ). It is sufficient to consider
Sguessαβ ≡ 2g2T 2limg→η
(
δXguess(Q;A,g]
δgαβ
)
(A.69)
Suppose two different Xguess(Q;A, g] exist satisfying (i)→(iii) above, leading to two dif-
ferent Sguessαβ whose difference we denote by ∆Sαβ .
We show below that (i)→(iii) force ∆Sαβ to zero at all orders in g which proves the result
stated at the start of this appendix.
A.1 Conditions (i)→(iii) ⇒ ∆Sαβ=0
Firstly note that (iii) implies that ∆Sαβ is zero at O(g
2). The idea of the proof at higher
orders in g is simple and in the same spirit as [7]. Write down the most general O(gs) [here
s ≥ 3] contribution to ∆Sαβ consistent with conditions (A)→(C) of (i) above. Next, in a
step that requires a lot of tedious but not difficult algebra, show that the homogeneous
Ward identities that correspond to condition (D) of (i) above can only be satisfied if ∆Sαβ
at this order is identically zero.
The most general O(gs) contribution to ∆Sαβ , denoted ∆S
s
µs+1µs+2
, [where α → µs+1
and β → µs+2 ] can be written as the following integral
∆Ssµs+1µs+2 =
∫
d4y1 . . . d
4ysd
4p1 . . . d
4pse
−
∑s
i=1
pi·(yi−x) (A.70)
W sµ1...µsµs+1µs+2A
µ1(y1) . . .A
µs(ys)
where pi (i = 1 . . . s) denote the i
th external gluon momentum. W s is a function of p1 . . . ps
given by the expression below. First, some definitions (used only in this appendix).
Q︷ ︸︸ ︷
µiµj ...
≡ Qµ1 . . . Qµi−1Qµi+1 . . . Qµj−1Qµj+1 . . . Qµs+2
A∗ijkl ≡ AijklηµiµjµkµlQ︷ ︸︸ ︷µiµjµkµl B∗ij ≡ BijηµiµjQ︷ ︸︸ ︷µiµj
C∗ijk ≡ (Cij)µkηµiµjQ︷ ︸︸ ︷µiµj
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where Aijkl, Bij , (Cij)µk are (thusfar arbitrary) coefficients constructed from the gluon
momenta and their contractions with Qµ and each other. Note that the µk index of
(Cij)µk corresponds to an index on some combination of the external momenta (and thus
it does not belong to a Qµ or η). Dµiµj and Eµi below are defined in the same way. Thus
W s can be written in form compatible with (A) → (C) as
W sµ1 . . .µs+2 =
{
(A∗1234 + A
∗
1324 + A
∗
1423) + (A
∗
1235 + A
∗
1325 + A
∗
1523) + . . . (A.71)
+ (A∗s−1,s,s+1,s+2 + A
∗
s−1,s+1,s,s+2 + A
∗
s,s+2,s−1,s+13)
+ B∗12 + . . .+B
∗
s+1,s+2 + (C
∗
123 + C
∗
231 + C
∗
321)
+ . . .+ (C∗s−1,s,s+1 + C
∗
s,s+1,s−1 + C
∗
s+1,s,s−1) +Dµ1µ2Q︷ ︸︸ ︷µ1µ2
+ . . .+Dµs+1µs+2Q︷ ︸︸ ︷µs+1µs+2 + Eµ1Q︷︸︸︷µ1 + . . .+ Eµs+2Q︷ ︸︸ ︷µs+2
}
The above expression is over-general in that it does not take into account all the
symmetries of W s, such as symmetry on interchange of graviton indices (µs+1 ↔ µs+2)
and, from the definition of W , symmetry under the interchange (pµi , µi) ↔ (pµj , µj).
These represent further constraints on A, . . . , E (eg. graviton indice symmetry requires
(Aijk,s+1 = Aijk,s+2 & Ai,s+1,j,s+2 = Ai,s+2,j,s+1). However the Ward identities are
sufficient to force A, . . . , E to zero even without such constraints and so these constraints
are not explicitly incorporated into (A.71) for simplicity. We define
pµs+1 = p
µ
s+2 = −
s∑
i=1
pµi (A.72)
and thus pµs+1 = p
µ
s+2 give the momentum of the external graviton field.
We also define Pi = pi/(Qµp
µ
i ) for i = 1 . . . s+2 and thus QµP
µ
i = 1 for all i. Then the
homogeneous Ward identities corresponding to gauge and general coordinate invariance
of condition (D) are given by
P µii Wµ1...µi...µs+2 = 0 i = 1 . . . s+ 2 (A.73)
[Note that Weyl invariance implies a further homogeneous Ward identity that must be
satisfied (which is not required in this section but will be used in the next subsection)]
ηµs+1µs+2Wµ1...µs+1µs+2 = 0 (A.74)
Now apply the Ward identities given by (A.73) to (A.71). First examine the contribution
which has (s-3) factors of Qµ in the contraction of P1 with W
[A2345ηµ2µ3ηµ4µ5 + A2435ηµ2µ4ηµ3µ5 + A2534ηµ2µ5ηµ3µ4 ]Q︷ ︸︸ ︷µ1µ2µ3µ4µ5 +
[A2346ηµ2µ3ηµ4µ6 + A2436ηµ2µ4ηµ3µ6 + A2634ηµ2µ6ηµ3µ4 ]Q︷ ︸︸ ︷µ1µ2µ3µ4µ6 +
. . .+
{
[As−1,s,s+1,s+2ηµs−1µsηµs+1µs+2 + As−1,s+1,s,s+2ηµs−1µs+1ηµsµs+2 +
As−1,s+2,s,s+1ηµs−1µs+2ηµsµs+1 ]Q︷ ︸︸ ︷µ1µs−1µsµs+1µs+2
}
= 0
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However all terms above correspond to independent tensors and hence all the Aijkl in
the above expression must be zero. Hence all Aijkl with none of {ijkl} equal to one must
be zero. Contracting with the other Pi shows that all Aijkl must be zero.
Now consider the contribution with (s-2) factors of Qµ in the contraction of P1 with W .
This gives the Bij (with i, j not equal to one) in terms of linear combinations of the
Aijkl which from above are zero and hence such Bij must be zero too. Explictly the P1
contraction gives
B23ηµ2µ3Q︷ ︸︸ ︷µ1µ2µ3 +B24ηµ2µ4Q︷ ︸︸ ︷µ1µ2µ4 + . . .+Bs+1,s+2ηµs+1µs+2Q︷ ︸︸ ︷µs+1µs+2µ3
+
{
Terms involving Aijkl = 0 from above
}
= 0
Considering all Pi contractions shows that all Bij are zero. By examining contributions
with increasing numbers of Qµ it is straightforward to show that all (Cij)µk , Dµiµj and
Eµi are zero as well, which proves the desired result. Note that at O(g
2), ie. the s=2term,
the above method is invalidated because in order to show the Aijkl are zero it is required
to consider terms with (s-3) factors of Qµ.
We have now shown that the momentum space integrands of XHTL and Xguess are the
same at O(κ). However, performing the momentum space integrals required to calculate
XHTL and Xguess is only well defined in Euclidean space for arbitrary fields. In Minkowski
space the integrals are only defined for arbitrary fields via analytic continuation. However,
for the fields belonging to R, the support of the fields’ Fourier transforms is sufficiently
restricted for the Minkowski momentum space integrals to be well defined even without
analytic continuation. Hence for fields in R agreement of momentum space integrands
gives equality of XHTL and Xguess. [For fields not in R, the same analytic continuation
would have to be used for both XHTL and Xguess to ensure equality].
A.2 Relaxing condition (iii) above
We also briefly remark that if condition (iii) above is relaxed then ∆Sαβ is not forced to
zero by conditions (i) and (ii). The most general form of W s=2µ1µ2µ3µ4 taking into account
the further constraints mentioned above is written down as W µναβ (P,R,K) as given by
equation (B1) of [7] noting the following notational changes
([P1, µ1] ; [P2, µ2] ; [P3, µ3] ; [P4, µ4])↔ ([R, µ] ; [−P, ν] ; [K,α] ; [K, β])
Of course, this agrees with (A.71) for s=2 on imposing the additional constraints discussed
above. Following the analysis of [7] we find that equation (B2) of [7] holds but equation
(B3) of [7] is erroneous. Writing all the equations required to explicity show this is tedious
and not very informative. However the end result , contrary to the erroneous conclusion
of [7], is that the most general form of the O(g2) contribution to ∆S(C)αβ consistent with
the Ward identities is given by
∆S(C)αβ = (gT )
2
∫
d4yd4y′d4pd4re−ip·(y−x)+ir·(y
′−x)Aµ(y)[C W
µν
αβ (p, r)]Aν(y
′) (A.75)
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with
W µναβ = [(Q
νPα − ηνα)(QµRβ − ηµβ) + (QµPβ − ηνβ)(QµRα − ηµα)] (A.76)
−[Q{αηλβ} −QαQβKλ]Kρ[(QνPρ − ηνρ)(QµRλ − ηµλ) + (P, ν)⇀↽ (R, µ)]
−[QαQβK2 + ηαβ −Q{αKβ}][(QνPρ − ηνρ)(QµRρ − ηµρ)]
and C is either a constant or possibly a scalar dimensionless and rational function of
the {(Q · p), (Q · r), (Q · k)} as multiplication by any other function will contradict (A) →
(D) of condition (i) above.
Note that the coefficient of (2.32) can be written in the form of (A.75) for C =
(Q ·k)2/[(Q ·p)(Q ·r)]. This shows that the auxiliary field construction of section 2, which
for E 6= 0 satisfies (i) and (ii) but not (iii), is consistent with the above. The same applies
for section 3.
A.3 The Quark Sector
In this subsection we outline a proof of the following: any expression, denoted
Xguess(quark)(Q; ψ¯, ψ, A, e], which
i. Satisfies conditions (A) → (D)
ii. Reduces to XHTL0 [A, η] when e ≡ η
must in fact equal to XHTL(quark)(Q; ψ¯, ψ, A, e] at O(κ) for all orders in g which is con-
sistent with the assertions made in [6]. We proceed in the same way as above and first of
all define S
guess(quark)
αβ by
S
guess(quark)
αβ ≡ g2T 2lime→η
(
eaα
δXguess(quark)(Q;ψ¯,ψ,A,e]
δeaβ
)
(A.77)
Again, we suppose two different Xguess(Q;A, e] exist satisfying (i)→(iii) above, leading to
two different Sguessαβ whose difference we denote by ∆S
(quark)
αβ . The most general form of the
O(gs) contribution to ∆S
(quark)
αβ can be written as follows (with α→ µs+1 and β → µs+2)
∆Ssµs+1µs+2 =
∫
d4z1d
4z2d
4y1 . . . d
4ys+2d
4r1d
4r2d
4p1 . . . d
4ps (A.78)
e−
∑s
i=1
pi·(yi−x)−
∑2
j=1
rj ·(zj−x)ψ¯(z1)W
s(quark)
µ1...µsµs+1µs+2
ψ(z2)A
µ1(y1) . . .A
µs(ys)
where W s(quark) is a function of r1, r2, p1, ps+2 which are the momenta of, respectively, the
anti-quark,quark and the s gluon fields. µs+1, µs+2 are the vierbien indices. The most
general form of W s=0(quark) consistent with conditions (A) → (C) is given by
W s(quark)µ1...µs+2 = Qµ1 . . . Qµs+2 [A
′ + A/Q] +
s+2∑
j=1
Q︷︸︸︷
µj
[B′jγµj + (B
j
µj
+ Cjγ
µj ) /Q]
+
∑
s+2≥j>k≥1
Q︷ ︸︸ ︷
µjµk
[(Djkγµjγµk + Ejkηµjµk) /Q] (A.79)
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where A′, A, B′j, Cj, Djk, Ejk are coefficients formed from the various contractions of
the external momenta with the following possibilities: the external momenta, the gamma
matrices or the Qµ.(Note that they contain no /Q).The B
j
µj
are proportional to some linear
combination of the external momenta. The exact from of the above coefficients is heavily
restricted by conditions (A)→ (C).
Note that due to the relation γµ2γµ1 = −γµ1γµ2 + 2ηµ1µ2 the most general of form of
W s=0(quark) can be written without terms proportional to γµjγµk with j ≤ k and also with
all /Q dependence written with a single /Q exclusively on the right hand side of (A.79).
Now consider the homogeneous Ward identities. First we define
pµs+1 = p
µ
s+2 = −Σsi=1pµi − rµ1 − rµ2 (A.80)
and hence pµs+1 = p
µ
s+2 gives the momentum of the external vierbien field. Then with the
definition P µi = (Q · pi)−1pµi for i = 1 . . . s+ 2 the homogeneous Ward identities are given
by
P µjW s=0(quark)µ1...µj ...µs+2 = 0 for j = 1 . . . s+ 2 (A.81)
ηµs+1µs+2W s=0(quark)µ1...µs+1µs+2 = 0 W
s(quark)
µ1...µs+1µs+2
= W s(quark)µ1...µs+2µs+1 (A.82)
For the s = 0 case, it is just an exercise in linear algebra to show that these identities
force W s=0(quark)µ1µ2 to zero. Thus we have the equality of X
HTL(quark) and Xguess(quark) at
O(g2κ) (or rather equality of their momentum space integrands).
The method of determining equality at higher orders in g is now identical to the
method of the gluon sector i.e. consider the Ward identities given by (A.81) and the
coefficients of the terms with increasing numbers of Qµ factors. This is sufficient to force
W s(quark)µ1...µs+2 to zero as in the gluon case.
Thus we have equality between the angular integrands of XHTL(quark) and Xguess(quark)
at O(κ) for all orders in g and thus XHTL(quark) = Xguess(quark) at O(κ). [See remarks at
the end of section (A.1)].
B Appendix B
The generalisation of the effective action to include the interaction of weakly coupling
gravitons is independent (at O(κ)) of the Weyl scaling properties of the auxiliary fields.
Suppose, as in section 2, we have the auxiliary fields V (x,Q) and W (x,Q) transforming
on Weyl scaling as Wµ → e2uσWµ, and V → e2vσVµ with
Then, the Weyl invariant extension becomes
g2T 2XE,u,v ≡
∫
d4x(
√−ggµνeΛ)2tr
[
− e2uΛ 3
4
m2gWµWν (B.83)
+ e−vΛVµy˙
λFνλ − Vν [y˙α∇α(e−uΛWµ + e−uΛ(Wν∇µy˙ν − y˙αWαΛ,µ )]
+E
{
e−(u+v)ΛVν [Wλ∇µy˙λ − y˙ ·W∂Λµ + gµλW · ∇y˙λ +Wµy˙ · ∂Λ − y˙µWαΛ,α]
}]
ΓE ≡ g2T 2
∫
dΩ
4π
XE(Q;V,W,A, g]
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Notice that at O(κ) the coefficient of E does not change as Λ ∼ ∇y˙ ∼ O(κ).
Thus, we have
XE,u,v(Q;V,W,A, g] = XE,u=0,v=0(Q; e
−vΛV, e−uΛW,A, g]
= XE,0,0(Q;V,W,A, g])− κ
∫
dxΛ(uV · δX
δV
+ vW · δX
δW
) +O(κ2)
Note that the O(κ) term on the right of the above vanishes at solutions of the auxiliary
field Euler-Lagrange equations. Hence on eliminating the auxiliary fields by use of the
Euler-Lagrange equations this term automatically drops out. Thus we have equality at
(O(κ)) between the two angular integrals on elimination of the auxiliary fields. This idea
is easily applied to the other angular integrands of sections 3 and 4 as well.
C Appendix C
In this appendix we discuss further ambiguities that occur in attempting to write down
ΓHTL[A, g] and ΓHTL(quark)[A, e] to O(κ2) using their known flatspace contributions and
their symmetry properties given by (A) → (D) above. Firstly consider Λ, defined to be a
scalar which vanishes when g = η with the Weyl scaling property that Λ→ Λ + 2σ .
This does not fix Λ uniquely at O(κ2) and there are at least two degrees of freedom
in Λ at this order. Consider Λ(a1, a2, x) defined by
Λ(a1, a2, x) = −
∫ ∞
0
dθeΛ(a1,a2,y(x,θ))
∫ ∞
0
dθ′eΛ(a1,a2,y(x,θ
′))
{
e−2Λ(a1,a2,y(x,θ
′))
[
Rµν(y(x, θ
′))y˙µ(x, θ′)y˙ν(x, θ′) + 1
2
dΛ(a1,a2,y(x,θ′))
dθ′
2
+ a1J1 + a2J2
]}
where J1 =
1
2
∇αy˙α(x, θ′)∇β y˙β(x, θ′)−∇αy˙β(x, θ′)∇β y˙α(x, θ′)
J2 = ∇β y˙α(x, θ′)∇β y˙α(x, θ′)−∇β y˙α(x, θ′)∇αy˙β(x, θ′)
It is easily confirmed that that on Weyl scaling J1 and J2 both merely scale by e
4σ
and that
∫
dθeΛ(a1,a2,y(x,θ)) is a Weyl invariant if Λ → Λ + 2σ on Weyl scaling [as a null
geodesic, although invariant, is reparameterised on Weyl scaling with an affine parameter,
θ, transforming as dθ → e−2σ(θ)dθ].
Thus, using the well known (see eg. [11]) Weyl scaling properties of Rµν , it can be
shown that on Weyl scaling
Λ(a1, a2, x)→ Λ(a1, a2, x) + 2σ(x) (C.84)
for arbitrary a1 and a2. Thus we see that there is at least a further 2-parameter ambiguity
at O(κ2) in trying to determine ΓHTL[A, g] and ΓHTL(quark)[A, e].
Note that Λ(0, 0, x) is the same as the expression used for Λ in [6] [as given by equa-
tion(21) on using equation (55)] whereas Λ(1, 0, x) reduces to Λ = +
∫∞
0 dθ
′ ∇ν y˙ν |y(x,θ′)
ie. the Λ used throughout this paper.
We also note that the local auxiliary field Lagrangians might well be dependent at
O(κ2) on the Weyl scaling properties of the auxiliary fields suggesting the presence of
further ambiguities at O(κ2).
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D Appendix D
Here we show that for any χ
[e−
Λ
2 /˙y, (y˙ · ∇˜)−1eΛ]χ = 0 (D.85)
where we recall that
(y˙ · ∇˜)χ = y˙ν(∂ν + igAν + ω′νbcσbc) (D.86)
with ω′νbc = +
1
2
eρbecρ;ν +
1
4
(ebνe
ρ
c − ecνeρb)Λ,ρ (D.87)
It is sufficient to show that
[e−
Λ
2 /˙y, (y˙ · ∇˜)]χ = 0 (D.88)
(as (y˙ · ∇˜) is invertible, we can write χ = (y˙ · ∇˜)−1Ψ and then operating on (D.88) by
(y˙ · ∇˜)−1eΛ gives (D.85) for arbitrary Ψ.
Note that the following will be useful in going from the first to the second line of the
calculation below.
[γa, ω′νbcσ
bc] = +2ω′ν
a
cγ
c eaαy˙
µ∂µy˙
α = −y˙µy˙λΓαµλeaα (D.89)
where the right hand equation is due to the geodesic equation for y˙µ. Therefore
[e−
Λ
2 /˙y, (y˙ · ∇˜)]χ = [e−Λ2 y˙λeaλγa, y˙µ(∂µ + ω′νbcσbc)]χ
= e−
Λ
2 y˙µy˙λγc[Γαµλecλ +
1
2
Λ,µ ecλ − ecλ, µ+ 2eaλω′ν a cγc]χ
= e−
Λ
2 y˙µy˙λγc[−(ecλ;µ − 2eaλ{+12eaρecρ;µ})
+1
2
(ecλΛ,µ−ecµΛ,λ+gµλeρcΛ,ρ )]
Terms involving Λ drop out (note that gµλy˙
µy˙λ = 0) and it is easy to check that the
remaining term is identically zero.
Hence [e−
Λ
2 /˙y, (y˙ · ∇˜)]χ = 0 as required.
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